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Abstract. In this note, we describe the possible singularities on a stable 
surface which is in the boundary of the moduli space of surfaces isogenous 
to a product. Then we use the Q-Gorenstein deformation theory to get some 
connected components of the moduli space of stable surfaces. 



Introduction 

Stable surfaces were first introduced by Kollar and Shepherd-Barron in the paper 
[K0SB88] . These surfaces appear naturally as one-parameter limits of surfaces of 
general type: if A" ^ A is a one-parameter Q-Gorenstein family whose general fibres 
Xt are the canonical models of surfaces of general type and A" — ?> A is its canonical 
model, then the central fibre Xq is a stable surface. The singularities on stable 
surfaces are semi log canonical (cf. Definition II. 4p and a complete classification of 
them has already been given in |KoSB88] . The moduli problem for stable surfaces 
was solved later through the work of several authors (cf. |Ko90[ [X94l IHacO"4l IHK041 
lKo08lEbH09] and Theorem nS]). 

In view of the above general framework, examples are badly needed to illustrate 
the geometry of the moduli space of stable surfaces. One strategy is to compactify 
the well studied moduli spaces of smooth surfaces whose stable degenerations can 
be described in a satisfactory way. In this direction, van Opstall |vO05[ lvO06j 
studied the moduli space of products of curves and the stable degenerations of 
surfaces isogenous to a product. Recently, Alexeev and Pardini |AP09| gave an 
explicit compactification of moduli spaces of the more complicated Campedelli and 
Burniat surfaces, and Rollenske |R09j did the same for very simple Galois double 
Kodaira fibrations. 

Here we continue the work of van Opstall ( jvO06| ) on the stable degenerations 
of surfaces isogenous to a product and give some connected components of the 
moduli space of stable surfaces. A surface isogenous to a product is the quotient of 
a product of two smooth curves by a free group action. Van Opstall showed that 
a stable degeneration of such surfaces is the quotient of a product of two stable 
curves C x D by a not necessarily free group action (cf. Theorem 11.121) . We go 
one step further to describe explicitly how the group acts on the product of two 
stable curves. To do this, we first establish some results on the smoothing of a 
stable curve with a group action (cf. Section [Ol . Then we can apply these results 
to the free smoothing of a product of two stable curves with a group action (see 
Sections 12.21 and 12.31) . Note that X ^ {C x D)/G is a stable degeneration if and 
only if (C x D, G) admits a free smoothing (cf. the discussion after Theorem 1 1.1 2 1) . 
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Therefore we get our desired description of the group action on a product of stable 
curves (Prop. 12.91 and l2.16|) . The basic tool used is Cartan's lemma which reduces 
the action of a stabilizer to a linear one. 

Having described the singularities on a stable degeneration X (Cor. 12.111 and 
I2.18p . we show that if the singularities are of certain type, namely (C/iq), {Ulb)^ {U2a) 
or {U2b), then the Q-Gorenstein deformation of X is unobstructed (Theorem 13. 3|) 
and hence the conipactification of the moduli space considered by van Opstall in 
fact yields connected components of the moduli space of stable surfaces: 

Corollary 3.5. Let S — {C x D) / G be a surface isogenous to a product of unmixed 
type. Assume the pair (C, G) is a triangle curve (i.e., G/G = P^, and G — )■ G/G is 
branched over 3 points). Let M^?^ be the moduli space of smooth surfaces with the 

same topological type as S and M^°^ the closure of Mg"^ in the moduli space M^*^ 

with a = Kg,b — x(C's). Then Mg°'' consists of connected components of M^\. 

We should mention that the Q-Gorenstein deformation theory set out by Hacking 
( [HacOl] and |Hac04) ') is indispensable for our purpose. 
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1. Preliminaries 

1.1. Notation. Let C? be a finite group acting on a set A. 
For a & G, \a\ is the order of a. 

For a ^ A, Ga ■— {g G G\g • a = a} is the stabilizer of a. If Ga ^ {1}, we say 
that a is a fixed point of the action. If Gq = {1} for every a G A, we say that G 
acts freely on A. 

Z„ denotes the cyclic group of order n. 

We work over the field C of complex numbers. 

1.2. Surfaces isogenous to a product. 

Definition 1.1 ([CatOO], Definition 3.1). A smooth projective surface S is isogenous 
to a (higher) product if it is a quotient S = (G x D)/G, where G,D are smooth 
curves of genus at least two, and G is a finite group acting freely on G x D. 

Let S = {GxD)/G be asurface isogenous to aproduct. Let G° :— Gn(Aut(C) x 
Aut(£')); then G° acts on the two factors C, D and acts on G x D via the diagonal 
action. We say that S is of unmixed type if G = G°; otherwise 5' is said to be of 
mixed type. By |CatOO[ Prop. 3.13], we always assume G° acts faithfully on G,D. 
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By jCatOOi Prop. 3.16], surfaces S — {C x D)/G isogcnous to a product and of 
mixed type are obtained as follows. There is a (faithful) action of a finite group G° 
on a curve C of genus at least 2 and a nonsplit extension 

I ^ G° ^ G ^ I2 ^ 1, 

yielding a class [ip] in Out(G°) = Aut(G°)/Int(G°), which is of order < 2. Once we 
fix a representative ip of the above class, there exists an element r' in G\G° such 
that, setting t — t''^, we have: 

(I) (^(7) = tV'-\ 

(II) G acts, under a suitable isomorphism of G and D, by the formulae: 7(P, Q) — 
{jP, {(f^)Q) for 7 in G°; whereas the lateral class of G° consists of the 
transformations 

T'j{P,Q)^{{ipj)Q,TjP). 

Let r be the subset of G° consisting of the transformations having some fixed point. 
Then the condition that G acts freely amounts to: 

(A) rn(^(r) = {i}. 

(B) there is no 7 in G° such that 'p{'y)Tj is in T. 

The moduli space of surfaces isogenous to a product is partly illustrated in the 
following abridged theorem: 

Theorem 1.2 ( [Cat03j ). Let S be a surface isogenous to a product. Then moduli 
space Mg°^ of surfaces with the same topological type as S is either irreducible 
and connected or it contains two connected components which are interchanged by 
complex conjugation. 

1.3. Cartan's lemma. The following lemma is used throughout Section 2 for the 
(analytically) local analysis of the group actions. 

Lemma 1.3 (Cartan's lemma). Let z G Z be an analytic singularity with Zariski 
tangent space T and let G be a finite group of automorphisms of z Cz Z . Then there 
exists a G-equivariant embedding z G Z — > T 9 0. 

1.4. Q-Gorenstein deformation theory of stable surfaces. We recall the Q- 
Gorenstein deformation theory of stable surfaces set out by Hacking. 

Definition 1.4. A (reduced) surface X is said to have semi log canonical (sic) 
singularities if 

(i) X is S2; 

(ii) X has at most double normal crossing singularities in codimension 1; 

(iii) the Weil divisor class Kx is Q-Cartier; 

(iv) if X X is the normalization and D C X is the preimage of the codimension- 
1 part of Xsing, then the pair (X, D) is log canonical, i.e., for any resolution 
fj,: X ^ X , we have 

+ li-^b = fi*{Kji + L)) + J2 

with all Oi > —1. 

A stable surface is a projective sic surface with an ample dualizing sheaf. 

Let be a coherent sheaf. For n g Z, we define the n-th reflexive power of 
T by := (J--*")**, the double dual of the n-th tensor product. Let TZ be the 
category of Noetherian local C-algebras with residue field C. 
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Definition 1.5. Let B a Noetherian scheme over C. A flat projective morphism 
f : X B is called a <Q-Gorenstein family of stable surfaces if for every closed 
point t B, the fibre Xt is a stable surface and for every n E Z,, i^^^j^ commutes 
with any base change. 

Let R € TZ. A Q-Gorenstein deformation of X over R is a Q-Gorenstein family 
f : X Spec R together with an isomorphism X (E)r k{R) = X. Isomorphisms 
between two Q-Gorenstein deformations are defined in an obvious way. 

Remark 1.6. The hypothesis that commutes with any base change for any n 

is called Kolldr's condition and it implies that is invertible for some N. 

For a stable surface X, we define a functor Vef^'^ : TZ (Sets) as follows: for 
any R eTZ, 

Vef^'^ (R) ~ {Q-Gorenstein deformations of X over R}/ ~ . 

The Q-Gorenstein deformations of X are exactly those deformations which, locally 
at each point P € X , are induced by equivariant deformations of the canonical cov- 
ering of P G X ( [HacOH Prop. 10.13]). If X is Gorenstein, then the Q-Gorenstein 
deformation theory of X coincides with the ordinary one. 

Remark 1.7. If a semiuniversal Q-Gorenstein deformation exists, we denote the 
base by Def^*^. When we refer to the ordinary deformation of X, the semiuniversal 
base is denoted by Vieix- 

Set Tqg,x — ^e/^'~^(C[e]/e^), the space of first-order Q-Gorenstein deforma- 
tions. Let Tqq x be the sheaf associated to the presheaf defined by 

C/^2?e/^^(C[e]/e2), 
for any open subset U of X. Then we have a local-to-global sequence: 

^ H^Tx) ^ T'qg^x ^ H\T^a,x) ^ H\Tx), 
where Tx — T-Lomox i^x, Ox) is the tangent sheaf of X f [IIac041 Page 227]). Note 
that Tqq ^ is considered as the tangent space to the functor Vef'^^ . 

1.5. Stable surfaces in this paper. We are mostly interested in stable surfaces 
that are quotients of a product of two stable curves. We recall the definition of a 
stable curve first ( |DM69| ): 

Definition 1.8. Let g > 2 be an integer. A stable curve of genus g is a reduced, 
connected, 1-dimensional scheme C over C such that: 

(i) C has only ordinary double points as singularities; 

(ii) if E is a non-singular rational component of C , then E meets the other 
components of C in more than 2 points; 

(iii) dim H^[Oc) = g. 

Proposition 1.9. Let C, D be stable curves. Then C x D is a stable surface. 

Proof See [^^O05l Prop. 3.1]. □ 

Proposition 1.10. Let Z be a stable surface and G a finite group acting on Z with 
finitely many fixed points. Then Z/G is also a stable surface. 

Proof. See the proof of [vO06[ Theorem 3.1]. □ 
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Corollary 1.11. Let C, D he stable curves. Let Z := C x D and G a group acting 
on Z with finitely many fixed points. Then (C x D)/G is a stable surface. 

The stable degenerations of surfaces isogenous to a product are of the above 
form, as we wih see from the fohowing: 

Theorem 1.12 ( |vO06j . Theorem 3.1). Suppose X* — >■ A* is a family of surfaces 
isogenous to a product over a punctured disk. Then, possibly after a finite change 
of base, totally ramified over the origin, X can be completed to a family of stable 
surfaces over the disk whose central fibre is a quotient of a product of stable curves. 

According to the proof of the above theorem in jvO06j . we give an exphcit 
construction of the stable degenerations here. There are two cases: 

Unmixed case: we have, up to finite base change, G-equivariant smoothings of 
stable curves (cf. Section 2.1) C — > A and T> A such that the completion A:" — > A 
of X* -)> A* is (C Xa V)/G A. In particular, the central fibre is (Co x 2?o)/G 
where G acts faithfully on CojX'o and acts diagonally on Co x 2?o- However, the 
action of G on Co x Vq is not necessarily free. 

Mixed case: there exists a finite group G°, a G°-equivariant smoothing C A 
of stable curves and a nonsplit extension 

1 ^ G° ^ G ^ Z2 ^ 1 

yielding an automorphism oi G° , such that the pairs (Ct,G) with i ^ satisfy 
properties (/), (//), {A), (B) in Section [Ol On the central fibre Co, we still have 
a G-action that enjoys properties (/),(//), but not necessarily {A),{B), i.e., the 
action of G on Co x Co is not necessarily free. Now the completion X A is 
(CxaC)/G— T'A, where the action of G° on the second factor is twisted by (p. 

In both cases, the stable degeneration Xq is of the form (G x D)/G, where G, D 
are stable curves and G acts onGxD with finitely many fixed points. Tautologically 
the pair (G x D, G) admits a free smoothing, i.e., a one-parameter family C x ^ 
A such that the following hold: 

(i) Co x 2?o = G X D; 

(ii) The fibre Cf x Vt over t ^ is smooth; 

(iii) G acts on C x a 2? preserving the fibres and the action of G on the central 
fibre coincides with the given action of G on G x _D; 

(iv) G acts freely on the general fibres Ct x Vt for t ^ 0. 

1.6. The moduli space of stable surfaces. Let {Sch)/C be the category of 
Noetherian C-schemes. We define the moduli functor of stable surfaces: for any 
B G {Sch)/C, 

■^a bi^) = {'^ / ^ I X / B is a Q-Gorenstein family of stable surfaces over B 
and for any closed point t ^ B, K^^ = a, xi^Xt) = b}/ — ■ 
Theorem 1.13. There is a projective coarse moduli .space for A^^*t,. 
Proof See |Kov09| Section 7.C] and [K0O8] . □ 

We shall get some connected components of this moduli space by studying the Q- 
Gorenstein deformations of stable degenerations of surfaces isogenous to a product 
in Section 3. 
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2. Stable degenerations of surfaces isogenous to a product 

In this section, we will give a precise description of possible singularities on stable 
degenerations of surfaces isogenous to a product. This is a careful improvement of 
Theorem ll.l2[ which allows one to further study the Q-Gorenstein deformations of 
the stable degenerations. 

2.1. Smoothings of stable curves with group actions. Our surfaces can be 
constructed by taking finite quotients of products of two stable curves, so their 
geometry is closely related to that of stable curves. In this section, we will establish 
some facts about smoothings of stable curves with group actions. More precisely, 
in the case when the group action admits a smoothing, we will show what the 
stabilizers on the central fibre can be and how they act locally analytically. These 
facts are used in Sections 2.2 and 2.3 for the smoothing of a product of stable curves 
with a group action. 

Definition 2.1. Let G he a finite group acting faithfully on a stable curve C . A 
smoothing of the pair (C, G) is a (flat) family of stable curves C — S> A over the unit 
disk such that 

(i) the central fibre Cq is isomorphic to C; 

(ii) The fibre Ct of the family over t is smooth; 

(iii) G acts on C preserving the fibres, and the action on Cq coincides with the 
given one on C under the isomorphism of (i). 

Remark 2.2. We also call C ^ A a G-equivariant smoothing of G . 

Now let (C, G) be as in the definition and assume C — s> A is a smoothing of 
(C,G). 

Lemma 2.3. There are only finitely many points on C having non-trivial stabiliz- 
ers, or, equivalently, there are only finitely many fixed points for the G-action. 

Proof. Otherwise there is a t 7^ 1 G G acting as identity on some irreducible 
component D of G. Pick a smooth point P of D. Then C is smooth around P and 
we can take local coordinate z of D and local coordinate < of A such that {z,t) 
form local coordinates of C around P and r acts as (z, t) 1-^ {z,t). So r = 1 £ G is 
the identity, a contradiction. □ 

Lemma 2.4. If P E G is a smooth point, then Gp is cyclic. 

Proof. There is an embedding Gp ^ GL{TpG), where TpG = C is the tangent 
space of G at P. Since TpG is a 1-dimensional vector space, GL{TpG) = C*. So 
Gp, being a finite subgroup of C*, is cyclic. □ 

Lemma 2.5. If P £ G is a smooth point, and 1 7^ t S Gp, then t also fixes points 
on Ct, for t ^ 0. 

Proof. As in the proof of Lemma 12. 3( we can find local coordinates (z, t) for C 
around P such that r acts as {z,t) i->- {£,z,t), where ^ G C* is a primitive Irj-th 
root of unity. So r fixes (0, i) G Ct, for t ^ 0. □ 

Lemma 2.6. If P E G is a node, then Gp is either cyclic or dihedral. 
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Proof. The germ of C around P can be seen as a deformation of a node. We can 
find an embedding of the germ into (C'^,0) such that the equation of the germ is 
xy - t'' = 0,k > 1. In fact, let 

{xy -3^0} A 
{x,y,s) ^ s 

be the semiuniversal family of a node. Then locally around P, C — > A is just the 
pull-back by 

A ^ A 
t i-> s = t'', 

where fc > 1. 

By Cartan's lemma, we can assume the action of Gp is given by 
r: {x,y,t) ^ {aix + a2y,hix + b2y,t). 
for any t G Gp. Since Gp acts on the central fibre Cq : xy = 0, we have 
ai aA_(^ \ / V 

bi b^j - [o rv 

where ^ is a primitive |T|-th root of unity and 77 is some non-zero number. Let 
TT : Gp — !■ Z2 be the determinant homomorphism: for any t G Gp, 



7r(r) := det{T) = 



1, if r does not interchange the branches at P, 
— 1, if r interchanges the branches at P. 



e 





Then the kernel H oi n consists of t G Gp whose action is given by 
Note that H embeds into C*: 

H ^ <C* 

If im(7r) = {!}, then Gp = H is cyclic. If imTr = Z2, then there exists t E Gp such 
that 

T{x,y,t) = {riy,T]^^x,t), 



and it is easy to see in this case that 
Gp = 



a dihedral group, if \H\ > 2; 
Z2, if \H\ = 1. 

□ 



Lemma 2.7. Let P € C be a node. Suppose 1 7^ t G Gp." then t fixes points on 
Ct for t ^ if and only if tt{t) = —I, where tt: Gp — > Z2 is as in the proof of the 
previous lemma. 



Proof. We adopt the notation in Lemma l2.61 so the germ of C around P is defined 
by xy — t'' ^ Q,k > 1 and the action of Gp is linear. 

Let 1 7^ r G Gp. If 7r(r) = 1, then T{x,y,t) = {£,x,^^^y,t), where ^ G C* is a 
primitive |T|-th root of unity. Suppose {x, y, i) G C is a fixed point of r. Then 

t{x, y, t) = [S^x, i^^y, t) ^ {x,y,t) ^ X = y = 0, 

and xy = t^ implies t — Q. So r does not fix any point on Ct for t 7^ 0. 
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On the other hand, if 7r(r) = —1, then T{x,y,t) — {r]y,r] ^x,t) with 77 G C*. 
So t(x, y, t) = {x, y, t) if and only if rjy — x. Taking the equation xy = t'^ into 

consideration, r fixes 2 points: (ri^J^^t) and {—rj^J^,t) on Ct, for < 7^ 0. □ 
Now we can state our main theorem in this section: 

Theorem 2.8. A pair (C,G) admits a smoothing if and only if for any node P ^ C, 
we can find local (analytic) embedding of C: {xy = 0) C C'^ such that, for any 
T € Gp, the action of t is given by either 

(i) {x,y) (^2^,^^"'^?;) where S, is a \T\-th root of unity; or 

(ii) (2:,?;) I— > {rjy,r]^^x) where 77 G C* is a nonzero number. 

Proof. The "only if part is shown in the proof of Lemma 12.61 
For the "if "part, we divide the proof into two steps. 

Step 1: The germ P G C has a local G-equivariant smoothing. More precisely, 
let J7 C C be a neighborhood around P defined by xy — C as in the hypothesis, 
we will show that the pair {U, Gp) is Gp-smoothable. In fact we can consider the 
family U : {xy — s = 0)cC^xA— >A with s G A as the parameter. For any 

T G Gp, 

r{x,y) = {£,x,C^y) or {i]y,rf^x), 
and it is easily seen that the action of Gp on U extends to the family — > A. 

Note that Z// — ?> A is the semiuniversal deformation of the node P € U and the 
tangent space of the base space at is £xtQ^{Qu,Ou) = C The fact that {U, Gp) 
is smoothable means exactly that £xtQ^{nu,Ou) is Gp-invariant. 

Step 2: We will use the local-to- global exact sequence 

^ H\C, Tc) ^ Extl,jnc, Oc) A i7°(G, Ext\,^ {^c, Oc)) ^ 

to prove that local smoothings of nodes with stabilizers lift to a smoothing of (G, G). 
To do this, first note that 

(2.1) H''{C,£xt\,^{nc,Oc))^ ^xt\,^jnc,P,Oc,p), 

P node 

where, for any coherent sheaf F on G, Fp denotes the stalk of J- at P. For 
any t £ G, t acts on H°{C,£xt^^{flc,Oc)) and maps the Ext^^ ^ (ric,p, Oc,p) 
summand isomorphically to the Ext^^ ^^^^ (fip t-(p). Op t-(p)) summand. 

Let n{P) :— |G/Gp| and ti, . . . , t„(p) G G representatives of elements of G/Gp. 
Then ti{P), . . . , Tn[p){P) is the orbit of P under the action of G. And G acts on 
the vector space 

n(P) 

Vp :^ Exti,^^^^.^^,(l]c,r,(P),Oc,.,(P)). 
The invariant subspace Vp is 1-dimensional, spanned by 

(Tl(cr),...,r„(p)(CT)), 

where a is an element spanning Ext^^ ^ (ric,P: Cc,p) — C. In view of (|2.ip . the 
dimension of H°{C,£xt^^{il^,Oc)) is exactly the number of node orbits under 
the action of G. Taking the G-invariants of the local-to-global sequence, we get 

^ H\C,Tcf ^ Ext'a^{nc,Ocf ^ H°{C,£xt'o^{nc,Oc)f -> 0. 
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In particular, there exists A e Ext^^{flc , Oc)'^ such that the 7r(A)'s P-summand 
is nonzero for any node P G C. Then A gives a smoothing of (C, G). □ 

2.2. Singularities of degenerations of surfaces isogenous to a product of 
unmixed type. We study smoothings of products of two stable curves with a 
group action in a similar way as G-equivariant smoothings of curves in Section [2. II 
We treat the unmixed case first. 

Proposition 2.9 (Criterion for free smoothings in the unmixed case). Let C,D 

be two stable curves and let G be a finite group acting on C and D. Let G act on 
C X D diagonally. Then the pair (C x D, G) admits a free smoothing if and only if 
for any (P, Q) E C x D, we have one of the following: 

(Uq) if both P,Q are smooth points on G,D respectively, then the stabilizer 

{Ui) if one of P,Q, say P, is a node and the other is a smooth point, then 

G(^P Q) — (r) is cyclic, and we can find a local embedding of C : {xy = 0) C 
as well as a local coordinate z of D such that t{x, y, z) — {^x, ^""'^y, ^"^z), 

where ^ is a primitive root of unity of order \t\ and (q, |r|) = 1. 
(C/2) if both P,Q are nodes of respective curves, then Gi^p^q) = (r) is cyclic and 

T interchanges the branches of at most one of G and D. In this case, we 

have one of the following 

iU2a) G(P,Q)={1}. 

(C^2b) */ T does interchange the branches of G or D, say G, then the order 
of T is 2 and we can choose local embeddings G : {xy = 0) C and 
D : (zw = 0) C such that r (x, y,z,w) — {y,x, —z, —w) . 

(t^2c) if 'T ¥^ ^ o.nd it does not interchange any branches of G, D, then we can 
choose local embeddings G : (xy = 0) C and D : {zw = 0) C 
such that T{x,y, z,w) = (^cc, ^"^y, ^'z, ^^^w), where is a primitive 
root of unity of order |r| and (g, |r|) = 1. 

Proof. For the " " direction, suppose Z^Cx^V^ A is a free smoothing of 
{G X D,G). Let (P, Q) be any point onG x D. Note that G(p^q) =Gpr\GQ. We 
divide our further discussion into 3 cases: 

Case (Uq): P,Q are both smooth points on G,D respectively. 

We will show in this case that G(^p^q) — {!}. Suppose 1 7^ r G Gi^p^qy. then P, Q 
are both fixed points of r. Since P, Q are both smooth points on G, D respectively, 
r fixes points on Ct ,1^1 for t 7^ by Lemma 12.51 So r fixes points on Ct x Vt for 
t ^ 0, which contradicts the assumption that G acts freely on Ct x Vt for t 0. 

Case (Ui): One of P, Q, say P, is a node and the other is a smooth point. 

Suppose G[p^Q) ^ {1}. By Lemma [231 Gg is cyclic and hence its subgroup 
G(^P^Q) is also cyclic. Let G(^p^q) — {t),t ^ 1. By Lemma [2.5) r fixes points of Vt 
for t 7^ 0. Since G acts freely on Ct x Vt for t 7^ 0, t does not fix any point of 
Ct,t ^ 0. By Lemma [^771 r does not interchange the branches of G around P. Hence 
there are a local embedding G : {xy = 0) C around P and a local coordinate z 
of D around Q such that the action of r on G x D is 

(x,y,z) ^ {^x,C^y,^'^z) 

where ^ is a primitive root of unity of order |r| and {q, \t\) = 1. 
Case (C/2): P,Q are both nodes on G,D. 
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Suppose G(p^Q) ^ {1}. By Lemma [2.61 we have that Gp and Gq are either 
cychc or dihedraL This imphes that G'(p.q) = Gp D Gq is either cychc or dihedral. 
Suppose G(^p Q) is dihedraL Then Gp and Gq are both dihedral and, by the proof 
of Lemma [2.61 there is ti e G(^p q) (resp. T2 G G(^p q-^) such that ti (resp. 
interchanges the branches of C at P (resp. the branches of D at Q). By Lemma 
12.71 Ti (resp. T2) fixes points of Ct (resp. Vt) for t 7^ 0. Since neither ri nor r2 
fixes points on Ct x'Dt, ti (resp. T2) does not fix points on Vt (resp. Cf). Again 
by Lemma 12.71 ri (resp. T2) does not interchange the branches of at Q (resp. 
the branches of G at P). Now set r := rir2, then r interchanges the branches of 
C as well as those of D. This implies that r fixes points on Ct x 2?f for t 7^ 0, a 
contradiction. 

So G^pQ-j is cyclic and we can assume that G^pq-^ — (r). Since r does not fix 
any point on Ct x T>t ioi t ^ 0, t interchanges the branches of at most one of C and 
D. If r does interchange the branches of one of G and D, say G, then the order 
of T is 2 (Lemma 12. 6p and we can choose local embeddings G : {xy = 0) C and 
D : [zw = 0) C C'^ such that r acts as 

{x,y,z,w) -J- {y,x,-z,-w). 

If T does not interchange any branches oi G,D, then we can choose local embed- 
dings C : (xy = 0) C C^, D : (zw = 0) C such that 

T{x,y,z,w) = {(,x,C^y,^''z,C''w), 

where ^ is a primitive root of unity of order |r| and (q, \t\) = 1. 

For the " -4= " direction, note that G and D admit G-equivariant smoothings 
C — > A,2? — s> A by Theorem 12.81 In each of the cases (Uq), (C/i), {U2), any non- 
trivial element r*^ g G(^p,q) = (r) interchanges at most the local branches of one 
of the factors. This guarantees that r'^ acts locally freely on at least one of the 
factors of Ct x I?t for i 7^ (Lemma [2. 7|) . SoZ:=Cxa2?— s-Aisa required free 
smoothing. □ 

Remark 2.10. In the unmixed case, G(^pq) is always cyclic. 

According to Theorem 11.121 and the discussion thereafter, a surface X is a stable 
degeneration of surfaces isogenous to a product of unmixed type if and only if 
X — (C X D)/G, where G,D are stable curves and G is a finite group acting on 
G, D and acting diagonally onG x D such that (G x D, G) admits a free smoothing. 
So we have 

Corollary 2.11. The possible singularities of a stable degeneration X of surfaces 
isogenous to a product of unmixed type are as follows: 

[Uia) Double normal crossing singularities: {xy = 0) C C'^. These are the general 

singularities of X . 
(Uib) Quotients of the above singularity under the group action: 

{x,y,z) (^x,^~^2/,^«z), 

where ^ is a primitive n-th root of unity, {q,n) = 1. In this case, the index 
of the singularity is n and the canonical covering is the singularity (Uia)- 
{U2a) The degenerate cusp: {xy = 0, zw = 0) C C*. 

{U2b) A Z2-quotient of the degenerate cusp in {U2a) under the group action: 

{x,y,z,w) h-> {y,x,-z,-w). 
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In this case, the index of the singularity is 2 and the canonical covering is 
the degenerate cusp {U2a)- 
(U2c) Other quotients of the degenerate cusp {U2a) under the group action: 

{x,y,z,w) 

where ^ zs a primitive n-th root of unity, {q,n) — \. In this case, the 
singularity is still a (Gorenstein) degenerate cusp. 

We give some examples of the singularities in Cor. 12.111 

Example 2.12. Let G ~ (a) ^ Z2. Let G,D' be two hyperelliptic curves. Suppose 
a acts on C and D' as the respective hyperelliptic involutions. Let {Qi, ■ . . , Q2k} 
be the fixed points of a on D' . We obtain a stable curve D from D' by identifying 
Q2i-i and for any 1 < i < fc. Note that cr also acts on D. Let G act on C x D 
diagonally. Then the quotient (C x D)/G has singularities of type [Uia) or {Uib). 

Example 2.13. Let C,D be two stable curves. Let G be a finite group acting freely 
on C X D. Then (C x D)/G has singularities of type (C/ia) or {U2a)- 

Example 2.14. Let G = (cr) = Z2. Let C" and D' be two smooth curves of genus > 1 
such that G acts (faithfully) on both. Assume a fixes 2k points P{, P2, ■ ■ ■ , Pl^f, on 
C". Let C be the stable curve obtained by identifying ^21-1 P2i fo'^ 1 <i <k. 
Assume a acts freely on D' . Pick a point Q' G D' . Let D be the stable curve 
obtained by identifying Q' and cr{Q'). Note that G acts on C and D. Let G act on 
C X D diagonally. Then (G x D)/G only has singularities of type (C/ia) or (C/26)- 

Example 2.15. Let G = (cr) = Z2. Let G' and D' be two smooth curves of genus > 1 
such that G acts (faithfully) on both. Assume cr fixes 2fc points P^, P2, . . . , Pl^j. on 
C' . We obtain a stable curve G from G' by identifying ^21-1 ^^.^ ^21 for 1 < i < fc. 
Similarly, we can obtain a stable curve D from D' . Note that cr also acts on G and 
_D. Let G acts on G x _D diagonally. Then the quotient (G x D)/G has singularities 
of type (C/ia) or {U2c)- 

2.3. Singularities of degenerations of surfaces isogenous to a product of 
mixed type. Now we consider the mixed case (cf. Section 1.2). 

Proposition 2.16 (Criterion for free smoothings in the mixed case). Let G he a 

stable curve and G° < Aut{C) a finite group. Let 

1 -> G° ^ G ^ Z2 ^ 1, 

he a non-split extension, yielding a class [93] in Out{G°) — Aut{G°) / Int{G°) , which 
is of order < 2. Fix a representative ip of the ahove class. Suppose there exists an 
element r' 6 G \ G° such that, setting r = r'^, we have 

(I) ^i^)^T'^T'-\ 

(II) G acts on C X G hy the formulae: ^{P,Q) = {'jP, {ipj)Q) for 7 in G° ; 
whereas the lateral class of G° consists of the transformations 

t'j{P,Q) = {{ipj)Q,TjP). 

Then (G x G, G) admits a free smoothing if and only if the following hold: 

(i) The pair (G xC,G°) satisfies one of the properties (Uq), (Ui), {U2) for any 
point on G X C, as described in Prop. \2.9[ 

(ii) There are only finitely many points with nontrivial stabilizers on G x G. 

(iii) // {P,Q) & G X G is such that Gi^p^q) ^ G° , then P, Q are both nodes. 
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Proof. "Let Z — > A be a free smoothing of (C x C,G). It is necessarily of 
the form Ci xa C2 — > A, where Ci A is a smoothing of {C,G°) and C2 — > A 
is a smoothing of C yet with a different G°-action given by G° A G° < Aut(C). 
Note also that Z — >■ A is automatically a free smoothing of (C x C,G°). Hence 
(C X C,G°) satisfies {Uo), (Ui), {U2) in Prop. EH 

Let r be the subset of G° consisting of the transformations having fixed points 
on Cit for t 7^ 0. Since Ci Xa C2 — >■ A is a free smoothing of G x G, we have 

(A) rn^(r) = {i}. 

(B) there is no 7 in G° such that if{'-^)T^ is in F. In particular, if(^)T^ ^ 1. 
The above two conditions simply say that G acts freely on Cu x C2t for t 7^ 0. 

Suppose there are infinitely many fixed points on G x G. Then some 1 7^ cr G G 
fixes infinitely many points and we have cr G G \ G° by Lemma 12.31 Hence a — 
t'7 € G \ G° for some 7 G G°. Since G G° also fixes infinitely many points, 
we have (p(j)T'y = cr^ = 1 by Lemma [2T3l again, which contradicts (B) above. This 
proves (ii). 

For (iii), we discuss the possible stabilizer of a point {P,Q) G G x G in the 
following 2 cases. 

Case (Mq): P, Q are both smooth points of G. 

We will show G(p^q) = {1} in this case. Since G° acts freely on Cu xC2t for i 7^ 0. 
Note that G° n Gi^p q) — {1} by the claim for the unmixed {Uq) case. Suppose on 
the contrary that there is a 1 7^ ri G G(p^q), then ri — r'7 G G \ G° for some 
7 G G°. Now G G° n Gi^p^Q) implies that = 1 and hence 

r'^fr'^ = f => (r'7T'^"'")r'^7 = 1 => ip["f)T^ = 1. 

This contradicts (B) above. 

Case {Ml): One of P, Q is a node, while the other is a smooth point. 

We will show that G^p^q) C G° in this case. Otherwise (P, Q) is fixed by r'7 G 
G\G° for some 7 G G°: ^ 

(P,Q)=t'7(P,Q) = (((^7)Q,t7P), 

so P = {ipj)Q and Q — tjP. In particular, either P, Q are both nodes or they are 
both smooth points of G, a contradiction. Hence (iii) follows. 

"<^ "By Prop. 12. 9i condition (i) implies that (G, G°) has a smoothing Ci — ^ A 
and there is another smoothing C2 — > A of G with a different G°-action induced by 
(p. These two smoothings of G are in fact isomorphic via (p. Set Z Ci x AC2 A. 
We can introduce an action of G on Z — ^ A by the formulae in (//): for any 
(P, Q) G Cu X Cat, 7(-P, Q) = hP, {V>1)Q) if 7 G G°; whereas for T'7 G G \ G°, 

T'7(P,Q) = ((^7)g,T7P). 

It remains to check that G acts freely on Zt for i 7^ 0. Note that G° acts freely 
by hypothesis (i) and Prop. 12.91 Now let r'7 G G \ G° for some 7 G G°. If r'7 does 
not fix points on G x G, then obviously r'7 does not fix points on Ct x Ct for i 7^ 0. 
If r'7 G G(^p^Q) for some (P, Q) & C x C, then both P, Q must be nodes by (iii) 
and we can find local embeddings of the first factor: xy — (resp. of the second 
factor: zw ~ t™) such that the action of r'7 around (P, Q) is given by: 

{x, y, z, w, t) {az, bw, x, y, t), 

where a, 6 G C* are nonzero numbers. Hence (r'7)^(a;, y, z, w, t) — {ax, by, az, bw, t). 
If t 7^ 0, then xy — t''\zw = implies that xyzw 7^ 0. Suppose r'7 fixes some 
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point (x, y, z, w, t) e Cit x C2t for t ^ Q, then 

az — x^hw = y,x = z,y = w. 
This imphes that a = 1, 6 = 1 and (t'7)^ = 1. Now, for any (P', Q') G Zt, we have 

(t'7)2(P',0') = ((^7)r7P',T7(^7)Q'), 
so Tj{ipj) — (<P7)t7 = 1, which imphes that {((<P7)Q', e C} C C x C is 

fixed by T'7. This contradicts hypothesis (ii) that there are only finitely many 
points with nontrivial stabilizers. Therefore t'j does not fix any points on Cu x €21 
for t and G acts freely on Cu x C2t for t ^ Q. □ 

Remark 2.17. Let the notation be as in Prop. 12.161 Then the statement (ii) in 
the proposition is equivalent to the assertion that any r'7 € G\G° has order > 2. 
Indeed, if there arc infinitely many points with nontrivial stabilizers, then some 
1 7^ cr G G fixes infinitely many points. Note that a E G\G° hy Lemma [2731 Since 
€ G° also fixes infinitely many points, we have tr^ = 1 by Lemma l2 . 31 again. On 
the other hand, suppose a — r'7 £ G\G° is of order 2. Then {tf^)T^ — T^{ip^) = 1 
and a fixes every point on the curve {(('P7)Q, Q)\ Q G C}. 

According to Theorem I1.12[ a surface X is a stable degeneration of surfaces 
isogenous to a product of mixed type if and only if X = (C x C)/G where C is a 
stable curve and G is a finite group acting in the way described in Prop. 12.161 

Corollary 2.18. The possible singularities of a stable degeneration X of surfaces 
isogenous to a product of mixed type are as follows: 

([/) The singularities of types (Uia), (Uib), {U2a), {U2h), (^2c) occurring in the 
unmixed case (see Cor. \2.11\l . 

(M) A quotient of the degenerate cusp of type (C/2a) under an action of auto- 
morphisms Ti and T2 '■ 

Ti: {x,y,z,w) {^x,C^y,^'^z,C''w), 

a: {x,y,z,w) H> {az,a^^w,bx,b^^y), 

where ^ is a primitive n-th root of unity, {q,n) = 1 and ab G {£,) \ 

In this case, the index of the singularity is 2 and the canonical covering is 

a singularity of type (C/2c)- 

Proof Let (G x G, G) be as in Prop. ^JE\ such that X ^ {C x C)/G and let 
TT : G X G — J> X be the quotient map. If (P, Q) G G x G is such that G(p^q) C G°, 
then the singularity 7r(P, Q) G X is of type (Uia), (Uib), (C/2a), {U2b) or {U2c)- 

If (P,(3) G G X G is such that G(p,q) ^ G°, then P,Q are both nodes of G 
by Prop. 12.91 We want to know the action of G(p q) around (P, Q). Note that 
(G X G, G° ) is of unmixed type and G° nG(p^Q) is just the stabilizer of (P, Q) G G x G 
under the action of G°. By the analysis done for the unmixed type, G° fl G(p q) = 
(ti) for some ti G G° and ti interchanges at most the branches of one factors of 
C X C. We will show that ri does not interchange any branches at P or Q. 

By assumption there is a 7 G G° such that a t'j G G(^p^Qy If ri interchanges 
the branches at one of P, Q, say P, then |ri| ~2 (Prop. 12. 9p . Note that 

(<^7)r7 = (r'7)2 g G(p,q) n G° = (n). 

By condition (B) in the proof of Prop. 12.161 ((^7)t7 ^ 1. On the other hand, 
ri| = 2, so ((/37)t7 = n. Since r'7 G G(p_q), we have t'^{P,Q) = {P,Q), i.e.. 
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{f^)Q — P and {t^)P — Q. Now the fact that ti interchanges the branches of C 
at P imphes that T^{(f^) — t^ti{t^)^^ interchanges the branches of C at Q. Since 
Ti acts on the second factor of C x C via T^{(p^), ti also interchanges the branches 
of the second factor C at Q, a contradiction. 
So the actions of ti , cr are of the form 

n : (x, y, z, w) {^x, C^y, ^''z, C''^), 

a: {x,y,z,w) H> {az^a^^w,bx,b~'^y), 

where C : {xy = 0) C and C : {zw — 0) C are suitable local embeddings of C 
around P, Q and ^ is a primitive |Ti|-th root of unity, {q, \ti\) = 1. Since cr^ e (ti) 
and (t^ct)^ ^ 1 for any k ('Remark l2.17p . we can easily see that ab G {£,) \ (^'+^). 
Hence the singularity 7r(P, Q) G X is of type (M). □ 

We give an example of singularity of type {M). 

Example 2.19. Let G = {a) = Z4. Then ri := cr^ has order 2. Let C be a smooth 
curve of genus > 2. Suppose ri acts on C so that there are exactly two fixed 
points P[ and P2- We obtain a stable curve C from C" by identifying P[ and Pj- 
Let P ^ C denote the image of P[ and Pj- Then ri also acts on C and has exactly 
one fixed point P. 

We can give an action of G on C x C as follows: 

<jiPi:P2) (P2,nPi), for any point (Pi,P2) G C x C. 

Then ri(Pi,P2) = (riPi,riP2) and crri(Pi,P2) = (tiP2,Pi). It is easy to see that 
(P, P) G C X C is the only point with a nontrivial stabilizer G and the quotient 
{C X C)/G has singularities of type (Uia) or (M). 

3. Connected components of the moduli space 

In this section we will study the Q-Gorenstein deformations of the stable degen- 
erations of surfaces isogenous to a product. As a result, we get some connected 
components of the moduli space of stable surfaces M**^ defined in Section [TTBl 

Let Z = CxD he a. product of two stable curves and let G be a finite group acting 
on Z with finitely many fixed points. Let tt: Z ^ X he the quotient map. For any 
G-equivariant coherent sheaf on Z, we define an Oj^-module tt^T := {tt^.F)'^ . 

The following lemma is well-known. 

Lemma 3.1. Let J- be a G-equivariant coherent sheaf on Z . Then for any p > 0, 
we have HP{Z,T)^ = Trf J"). 

Proof. See [G57l Prop. 5.2.2]. □ 

Lemma 3.2. Suppose all the (possible) singularities on X are of type {Uia), [Uu,), 
[Uia) or {U2b)- Then tt^Tz = Tx and ■n'^Tz = Tqq x- 

Proof. First observe that both tt^Tz and Tx are S'2-sheaves of Ox-modules ( [AbH09l 
Lemma 5.1.1]). Since tt: Z — > X is etale off a finite subset, wfTz and Tx coin- 
cide off the finite subset. Then the S'2-property guarantees that ir^Tz and Tx are 
isomorphic on the whole of X . 

For TT^T^ = Tqq "^e view tt^T^ (resp. Tqq x) the sheaf of first-order, 
G-equivariant, local deformations of Z (resp. first-order, Q-Gorenstein, local defor- 
mations of X). Let P be any point on X and let 7r^^(P) = {Qj^j be inverse image 



STABLE DEGENERATIONS OF SURFACES ISOGENOUS TO A PRODUCT II 



15 



of P. Since the possible singularities on X are of type (Uia), (Uib), (C^2a) or (C/2b), 
every germ Qj e Z is a canonical covering of P G X and they are permuted under 
the action of G. Since Q-Gorenstein deformations of the germ P ^ X are precisely 
those deformations which lift to deformations of the canonical covering, we have 
a natural identification tt^T^ — Tqq x sending a first-order, G-equi variant, local 
deformations of Z to its quotient under G. □ 

Theorem 3.3. // all the (possible) singularities on X are of type (Uia), (Uib), 
{U2a) or {U2b), then a semiuniversal Q-Gorenstein deformation of X exists and 
hence the base Def^*^ is defined. Moreover, Def^*^ is smooth. 

Proof. Since Z — C x D is Gorenstein, Def^*^ exists and is just Def^. Let f : Z ^ 
Deiz be a semiuniversal deformation of Z. Then the action of G on Z induces 
actions of G on 2' and Def^ such that / becomes a G-equivariant morphism. Taking 
the G-invariant part Def^ of Def^ and the G-quotient of /"^((Def^)'^), we get a 
deformation oi X = Z/G: 

(3.1) : f-\(Defzf)/G ^ (Defz)^. 

Note that Def^ = Defc x Defn is smooth f |vO05[ Cor. 2.3] and [DM69'), so 
(Def^)'-^ is also smooth by Cartan's lemma. To prove the theorem, it suffices to 
show that (|3.1|) is a semiuniversal Q-Gorenstein deformation of X. 

Since all the possible singularities on X are of type (Uia), (Uu), (f/2a) or {U2b), 
for any P G X and Q G Tr~^{P), the germ Q G Z is the canonical covering of 
P E X. So p. II) is in fact a Q-Gorenstein deformation of X. 

By the infinitesimal lifting property of a smooth variety f |Har771 Ex. II. 8. 6]), if 
we can show that the natural map 

dX: {T'zf^T^QG,x 

is an isomorphism, then f'^ : f^^{{Y)eiz)'~^)/G — !> (Def^)'' is an unobstructed semi- 
universal Q-Gorenstein deformation of X. Consider the following commutative 
diagram 

^ H\z,rz)^ ^ (T|)G ^ i/"(z,ri)'^ ^ H^z,rz)^ 

la IdX 1/3 4-7 

^ H'iX,Tx) ^ T^G,x ^ H°iX,T^G,x) ^ H\X,rx) 
in which the rows are exact. We will prove that a,/3,7 are isomorphisms, so that 
d\: (T^)*^ "^QG X ^1^0 an isomorphism by the Five Lemma. 
Let J-" = 7z or in Lemma 13. 1[ we get the following equations 

H\z,rzf = H\x,i,^rz), 
i/°(z,ri)^-ff°(x,7rfri), 

H\Z,Tzf ^H\X,^';Tz). 
By Lemma [3^ we have ir^Tz — Tx,T^fTz — Tqg,x- Therefore 
H\Z,rzf = H\X,Tx), 
H"{Z,T^f^H"{X,T^a,x), 
H\Z,rzf = H\X,Tx), 
and a, 13,^ are isomorphisms. □ 
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Remark 3.4. It remains to address the case where X has singularities of type {U2c) 
or (M). The canonical coverings of these two types of singularities are not local 
complete intersections, which results in a more difficult Q-Gorenstein deformation 
theory. In contrast to the infinitesimal consideration, there might be some hope for 
good properties of a one-parameter family of such singularities. 

Corollary 3.5. Let S = (C x D)/G he a surface isogenous to a product of unmixed 
type. Assume the pair (C, G) is a triangle curve (i.e., C/G = P^, and C ^ C jG is 
branched over 3 points). Let Mg°^ be the moduli space of smooth surfaces with the 

same topological type as S and Af|°^ the closure of ALg"^ in the moduli space 

with a = Kl,b^ xiOs). Then Uf^ consists of connected components of M^\. 

Proof. By [Cat03) . every closed point in Mg°^ corresponds to a surface S' isoge- 
nous to a product with representation (C x D')/G. In our case, since a tri- 
angle curve is rigid, we can assume {C',G) is also a triangle curve. In fact, 
{G',G) = {C,G) or {C,G). For the same reason, {G\G) remains the same in 
the process of degeneration. If [X] is in M*°P, then X = (C x D)/G, where D IS a 
stable curve. By Prop. I2.9l and Cor. 12.111 the possible singularities of X are of type 
(Uia) or {Uib). Therefore Def^'^ is defined and is smooth by Theorem 13.31 This 
implies that is irreducible at [X] and the assertion of the corollary follows. □ 
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